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Abstract

esys.escript is apython-based environment for implementing mathematical models, in particular those based
on coupled, non-linear, time-dependent partial differential equations.

It consists of four major components

e esys.escript core library

e finite element solver esys.finley (which uses fast vendor-supplied solvers or our paso linear solver
library)

e the meshing interface esys.pycad
e a model library.
The current version supports parallelization through both MPI for distributed memory and OpenMP for distributed

shared memory. The esys.pyvisi module from previous releases has been deprecated. For more info on this
and other changes from previous releases see Appendix A.2.

If you use this software in your research, then we would appreciate (but do not require) a citation. Some relevant
references can be found in Appendix A.3.
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CHAPTER
ONE

Tutorial: Solving PDEs

1.1 Installation

To download escript and friends , please visit https://launchpad.net/escript-finley. The web site will offer binary
distributions for some platforms and provide information about the installation process..

Please direct any questions you might have to mailto:esys@esscc.ug.edu.au.

1.2 The First Steps

In this chapter we give an introduction how to use esys.escript to solve a partial differential equation (PDE
). We assume you are at least a little familiar with Python. The knowledge presented at the Python tutorial at
http://docs.python.org/tut/tut.html is more than sufficient.

The PDE we wish to solve is the Poisson equation
—Au=f (1.1)

for the solution u. The function f is the given right hand side. The domain of interest, denoted by 2, is the unit

square
Q=101 = {(zo;21)[0 < zg <land 0 <z < 1} (1.2)

The domain is shown in Figure 1.1.

FIGURE 1.1: Domain Q = [0, 1]* with outer normal field n.

A denotes the Laplace operator, which is defined by

Au = (U,O),O + (U71)71 (13)




where, for any function u and any direction i, u; denotes the partial derivative of u with respect to 4. ! Basically,
in the subindex of a function, any index to the left of the comma denotes a spatial derivative with respect to the
index. To get a more compact form we will write u ;; = (u ;) ; which leads to

2

Au=ugo +u11 = Zun (1.4)
i=0

We often find that use of nested > symbols makes formulas cumbersome, and we use the more convenient Einstein
summation convention . This drops the > sign and assumes that a summation is performed over any repeated
index. For instance we write

2
Ty = Y Ty (1.5)
=0
2
iU 5 = leuy, (16)
=0
2
U = Z U i (1.7)
=0
2 2
xijuivj = Z injui_’j (18)
7=0 =0
(1.9)

With the summation convention we can write the Poisson equation as
U5 = 1 (110)

where f = 1 in this example.

On the boundary of the domain €2 the normal derivative n;u ; of the solution u shall be zero, ie. u shall fulfill the
homogeneous Neumann boundary condition
niuJ:O. (111)

n = (n;) denotes the outer normal field of the domain, see Figure 1.1. Remember that we are applying the Einstein
summation convention , i.e n;u ; = Nou g +n1U 1. 2 The Neumann boundary condition of Equation (1.11) should
be fulfilled on the set '’V which is the top and right edge of the domain:

'V = {(z;21) € Qzog = Lorz; = 1} (1.12)
On the bottom and the left edge of the domain which is defined as
P = {(zo;21) € Qzg=0o0rz; =0} (1.13)
the solution shall be identically zero:
u=20. (1.14)

This kind of boundary condition is called a homogeneous Dirichlet boundary condition . The partial differential
equation in Equation (1.10) together with the Neumann boundary condition Equation (1.11) and Dirichlet bound-
ary condition in Equation (1.14) form a so called boundary value problem (BVP) for the unknown function .

In general the BVP cannot be solved analytically and numerical methods have to be used construct an approxi-
mation of the solution u. Here we will use the finite element method (FEM). The basic idea is to fill the domain
with a set of points called nodes. The solution is approximated by its values on the nodes. Moreover, the domain

'You may be more familiar with the Laplace operator being written as V2, and written in the form

0%u  0%u
2. _ ot _
and Equation (1.1) as
—Vu=f

2Some readers may familiar with the notation % = n;u ; for the normal derivative.
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Node ® Element D

FIGURE 1.2: Mesh of 4 elements on a rectangular domain. Here each element is a quadrilateral and described by four
nodes, namely the corner points. The solution is interpolated by a bi-linear polynomial.

is subdivided into smaller sub-domains called elements . On each element the solution is represented by a poly-
nomial of a certain degree through its values at the nodes located in the element. The nodes and its connection
through elements is called a mesh. Figure 1.2 shows an example of a FEM mesh with four elements in the 0 and
four elements in the z1 direction over the unit square. For more details we refer the reader to the literature, for
instance Reference [28, 5].

The esys.escript solver we want to use to solve this problem is embedded into the python interpreter lan-
guage. So you can solve the problem interactively but you will learn quickly that is more efficient to use scripts
which you can edit with your favorite editor. To enter the escript environment you use escript command?:

escript
which will pass you on to the python prompt

Python 2.5.2 (r252:60911, Oct 5 2008, 19:29:17)

[GCC 4.3.2] on linux2

Type "help", "copyright", "credits" or "license" for more information.
>>>

Here you can use all available python commands and language features, for instance

>>> x=2+3
>>> print "2+43=",x
2+3= 5

We refer to the python users guide if you not familiar with python.

esys.escript provides the class Poisson to define a Poisson equation . (We will discuss a more general
form of a PDE that can be defined through the LinearPDE class later). The instantiation of a Poisson class
object requires the specification of the domain 2. In esys.escript the Domain class objects are used to
describe the geometry of a domain but it also contains information about the discretization methods and the actual
solver which is used to solve the PDE. Here we are using the FEM library esys.finley . The following
statements create the Domain object mydomain from the esys. finley method Rectangle

from esys.finley import Rectangle
mydomain = Rectangle(10=1.,11=1.,n0=40, nl=20)

In this case the domain is a rectangle with the lower, left corner at point (0,0) and the right, upper corner at

3escript is not available under Windows yet. If you run under windows you can just use the python command and the
OMP_NUM_THREADS environment variable to control the number of threads.

1.2. The First Steps 3



(10,11) = (1,1). The arguments n0 and n! define the number of elements in xy and x1-direction respectively. For
more details on Rectangle and other Domain generators within the esys. finley module, see Chapter 7.

The following statements define the Poi sson class object mypde with domain mydomain and the right hand side
f of the PDE to constant 1:

from esys.escript.linearPDEs import Poisson
mypde = Poisson (mydomain)
mypde.setValue (f=1)

We have not specified any boundary condition but the Poi sson class implicitly assumes homogeneous Neuman
boundary conditions defined by Equation (1.11). With this boundary condition the BVP we have defined has no
unique solution. In fact, with any solution « and any constant C' the function u + C' becomes a solution as well.
We have to add a Dirichlet boundary condition . This is done by defining a characteristic function which has
positive values at locations = (xg, 1) where Dirichlet boundary condition is set and 0 elsewhere. In our case
of I'P defined by Equation (1.13), we need to construct a function gammaD which is positive for the cases ro = 0
or 1 = 0. To get an object x which contains the coordinates of the nodes in the domain use

x=mydomain.getX()
The method getX of the Domain mydomain gives access to locations in the domain defined by mydomain. The

object x is actually a Data object which will be discussed in Chapter 3 in more detail. What we need to know
here is that

x has rank (number of dimensions) and a shape (list of dimensions) which can be viewed by calling the getRank
and get Shape methods:

print "rank ",x.getRank(),", shape ",x.getShape ()

This will print something like

rank 1, shape (2,)
The Data object also maintains type information which is represented by the FunctionSpace of the object.
For instance

print x.getFunctionSpace ()

will print

Function space type: Finley_Nodes on FinleyMesh
which tells us that the coordinates are stored on the nodes of (rather than on points in the interior of) a
esys.finley mesh. To get the x(y coordinates of the locations we use the statement

x0=x[0]

Object x0 is again a Dat a object now with rank 0 and shape (). It inherits the FunctionSpace from x:

print x0.getRank (), x0.getShape (), x0.getFunctionSpace ()

will print

0 () Function space type: Finley_Nodes on FinleyMesh

We can now construct a function gammaD which is only non-zero on the bottom and left edges of the domain with

from esys.escript import whereZero
gammaD=whereZero (x[0]) +twhereZero (x[1])

whereZero (x[0]) creates function which equals 1 where x[0] is (almost) equal to zero and O elsewhere.
Similarly, whereZero (x[1]) creates function which equals 1 where x [1] is equal to zero and O elsewhere.
The sum of the results of whereZero (x[0]) and whereZero (x[1]) gives a function on the domain mydo-
main which is strictly positive where x( or x; is equal to zero. Note that gammaD has the same rank , shape and
FunctionSpace like x0 used to define it. So from

print gammaD.getRank (), gammaD.getShape (), gammaD.getFunctionSpace ()

4 Chapter 1. Tutorial: Solving PDEs



one gets

0 () Function space type: Finley_Nodes on FinleyMesh

An additional parameter g of the setValue method of the Poisson class defines the characteristic function of
the locations of the domain where homogeneous Dirichlet boundary condition are set. The complete definition of
our example is now:

from esys.linearPDEs import Poisson

x = mydomain.getX()

gammaD = whereZero(x[0])+whereZero(x[1])
mypde = Poisson (domain=mydomain)
mypde.setValue (f=1, g=gammaD)

The first statement imports the Poisson class definition from the esys.escript.linearPDEs module
esys.escript package. To get the solution of the Poisson equation defined by mypde we just have to call its
getSolution.

Now we can write the script to solve our Poisson problem

from esys.escript import =

from esys.escript.linearPDEs import Poisson
from esys.finley import Rectangle

# generate domain:

mydomain = Rectangle (10=1.,11=1.,n0=40, nl=20)
# define characteristic function of Gamma D

x = mydomain.getX()

gammaD = whereZero(x[0])+whereZero(x[1])
# define PDE and get its solution u
mypde = Poisson (domain=mydomain)

mypde.setValue (f=1, g=gammaD)
u = mypde.getSolution ()

The question is what we do with the calculated solution u. Besides postprocessing, eg. calculating the gradient
or the average value, which will be discussed later, plotting the solution is one one things you might want to do.
esys.escript offers two ways to do this, both base on external modules or packages and so data need to
converted to hand over the solution. The first option is using the matplot1ib module which allows plotting 2D
results relatively quickly, see [12]. However, there are limitations when using this tool, eg. in problem size and
when solving 3D problems. Therefore esys.escript provides a second options based on VIK files which is
especially designed for large scale and 3D problem and which can be read by a variety of software packages such
as mayavi [2], Vislt [24].

1.2.1  Plotting Using matplotlib

The matplotlib module provides a simple and easy to use way to visualize PDE solutions (or other Data
objects). To hand over data from esys.escript tomatplotlib the values need to mapped onto a rectangular
grid *. We will make use of the numpy module.

First we need to create a rectangular grid. We use the following statements:

import numpy
x_grid = numpy.linspace(0.,1.,50)
y_grid = numpy.linspace(0.,1.,50)

x_grid is an array defining the x coordinates of the grids while y_grid defines the y coordinates of the grid. In this
case we use 50 points over the interval [0, 1] in both directions.

Now the values created by esys.escript need to be interpolated to this grid. We will use the matplotlib
mlab.griddata function to do this. We can easily extract spatial coordinates as a list by

4Users of Debian 5(Lenny) please note: this example makes use of the griddata method in matplotlib.mlab. This method is not
part of version 0.98.1 which is available with Lenny. If you wish to use contour plots, you may need to install a later version. Users of Ubuntu
8.10 or later should be fine.

1.2. The First Steps 5
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FIGURE 1.3: Visualization of the Poisson Equation Solution for f = 1 using matplotlib.

x=mydomain.getX () [0] .toListOfTuples ()
y=mydomain.getX () [1].toListOfTuples ()

In principle we can apply the same toListOfTuples method to extract the values from the PDE solution u.
However, we have to make sure that the Dat a object we extract the values from uses the same FunctionSpace
as we have us when extracting x and y. We apply the interpolation to u before extraction to achieve this:

z=interpolate (u,mydomain.getX () .getFunctionSpace())

The values in z are now the values at the points with the coordinates given by x and y. These values are now
interpolated to the grid defined by x_grid and y_grid by using

import matplotlib
z_grid = matplotlib.mlab.griddata(x,vy,z,xi=x_grid,yi=y_grid )

z—grid gives now the values of the PDE solution u at the grid. The values can be plotted now using the contourf:

matplotlib.pyplot.contourf (x_grid, y_grid, z_grid, 5)
matplotlib.pyplot.savefig("u.png™)

Here we use 5 contours. The last statement writes the plot to the file ‘u.png’ in the PNG format. Alternatively,
one can use

matplotlib.pyplot.contourf (x_grid, y_grid, z_grid, 5)
matplotlib.pyplot.show ()

which gives an interactive browser window.
Now we can write the script to solve our Poisson problem

from esys.escript import =

from esys.escript.linearPDEs import Poisson
from esys.finley import Rectangle

import numpy

import matplotlib

import pylab

# generate domain:

mydomain = Rectangle (10=1.,11=1.,n0=40, nl=20)
# define characteristic function of Gamma"D
x = mydomain.getX()

gammaD = whereZero(x[0])+whereZero(x[1])

6 Chapter 1. Tutorial: Solving PDEs



FIGURE 1.4: Visualization of the Poisson Equation Solution for f = 1

# define PDE and get its solution u

mypde = Poisson (domain=mydomain)
mypde.setValue (f=1, g=gammaD)

u = mypde.getSolution()

# interpolate u to a matplotlib grid:

x_grid = numpy.linspace(0.,1.,50)

y_grid = numpy.linspace(0.,1.,50)
x=mydomain.getX () [0] .toListOfTuples ()
y=mydomain.getX () [1].toListOfTuples ()

z=interpolate (u,mydomain.getX () .getFunctionSpace())
z_grid = matplotlib.mlab.griddata(x,vy,z,xi=x_grid,yi=y_grid )
# interpolate u to a rectangular grid:
matplotlib.pyplot.contourf (x_grid, y_grid, z_grid, 5)
matplotlib.pyplot.savefig("u.png™)

The entire code is available as ‘poisson_matplotlib.py’ in the example directory. You can run the script using the
escript environment

escript poisson_matplotlib.py

This will create the ‘u.png’, see Figure Figure 1.3. For details on the usage of the matplotlib module we refer
to the documentation [12].

As pointed out, matplotlib is restricted to the two-dimensional case and should be used for small problems
only. It can not be used under MPI as the toListOfTuples method is not safe under MPI .

1.2.2 Visualization using VTK

As an alternative escript supports the usage of visualization tools which base on VTK, eg. mayavi [2], Vislt [24].
In this case the solution is written to a file in the VTK format. This file the can read by the tool of choice. Using
VTK file is MPI safe.

To write the solution u in Poisson problem to the file ‘u.xml’ one need to add the line

saveVTK ("u.xml", sol=u)

5The phrase ’safe under MPI * means that a program will produce correct results when run on more than one processor under MPI .

1.2. The First Steps 7
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FIGURE 1.5: Temperature Diffusion Problem with Circular Heat Source

The solution u is now available in the ‘u.xml’ tagged with the name ”sol”.
The Poisson problem script is now

from esys.escript import =

from esys.escript.linearPDEs import Poisson
from esys.finley import Rectangle

# generate domain:

mydomain = Rectangle (10=1.,11=1.,n0=40, nl=20)
# define characteristic function of Gamma"D
x = mydomain.getX()

gammaD = whereZero(x[0])+whereZero(x[1])

# define PDE and get its solution u

mypde = Poisson (domain=mydomain)
mypde.setValue (f=1, g=gammaD)

u = mypde.getSolution()

# write u to an external file

saveVTK ("u.xml",sol=u)

The entire code is available as ‘poisson_VTK.py’ in the example directory

You can run the script using the escript environment and visualize the solution using mayavi:

escript poisson\hackscore VTK.py
mayavi2 -d u.xml -m SurfaceMap

The result is shown in Figure Figure 1.4.

1.3 The Diffusion Problem

1.3.1 Outline

In this chapter we will discuss how to solve a time-dependent temperature diffusion PDE for a given block of
material. Within the block there is a heat source which drives the temperature diffusion. On the surface, energy
can radiate into the surrounding environment. Figure 1.5 shows the configuration.

In the next Section 1.3.2 we will present the relevant model. A time integration scheme is introduced to calculate
the temperature at given time nodes ¢("™). We will see that at each time step a Helmholtz equation must be solved.
The implementation of a Helmholtz equation solver will be discussed in Section 1.3.3. In Section 1.3.4 the solver
of the Helmholtz equation is used to build a solver for the temperature diffusion problem.

8 Chapter 1. Tutorial: Solving PDEs



1.3.2 Temperature Diffusion

The unknown temperature 7" is a function of its location in the domain and time ¢ > 0. The governing equation in
the interior of the domain is given by
pep Ly — (KT4), = qm (1.15)

where pc,, and x are given material constants. In case of a composite material the parameters depend on their
location in the domain. qj is a heat source (or sink) within the domain. We are using the Einstein summation
convention as introduced in Chapter 1.2. In our case we assume gy to be equal to a constant heat production rate
q° on a circle or sphere with center 2¢ and radius r and 0 elsewhere:

q° [ =z <

qu(z,t) = if (1.16)
0 else

for all = in the domain and all time ¢ > 0.

On the surface of the domain we are specifying a radiation condition which prescribes the normal component of
the flux xT'; to be proportional to the difference of the current temperature to the surrounding temperature 7. -

KT in; =n(Trey —T) 1.17)
7 is a given material coefficient depending on the material of the block and the surrounding medium. n; is the ¢-th
component of the outer normal field at the surface of the domain.

To solve the time-dependent Equation (1.15) the initial temperature at time ¢ = 0 has to be given. Here we assume
that the initial temperature is the surrounding temperature:

T(2,0) = Ty (1.18)

for all = in the domain. It is pointed out that the initial conditions satisfy the boundary condition defined by
Equation (1.17).

The temperature is calculated at discrete time nodes () where t(°) = 0 and t(®) = ¢("~1) 4+ h where h > 0 is the
step size which is assumed to be constant. In the following the upper index (n) refers to a value at time ¢("™). The
simplest and most robust scheme to approximate the time derivative of the the temperature is the backward Euler
scheme. The backward Euler scheme is based on the Taylor expansion of T at time ¢("):

This is inserted into Equation (1.15). By separating the terms at t®) and t(*~1) one gets forn = 1,2,3. ..

0700 _ (1), = gy + 227D .20

where T7(©) = T7,.,  1s taken form the initial condition given by Equation (1.18). Together with the natural boundary
condition
"GT,(in)"i = )(Tyey — T(”)) (1.21)

taken from Equation (1.17) this forms a boundary value problem that has to be solved for each time step. As a first
step to implement a solver for the temperature diffusion problem we will first implement a solver for the boundary
value problem that has to be solved at each time step.

1.3.3 Helmholtz Problem

The partial differential equation to be solved for 7(") has the form

T _ (HT,E")),z‘ =f (1.22)
and we set . .
w= pr and f = qg + prT(nfl) . (1.23)

1.3. The Diffusion Problem 9



With g = 1Ty the radiation condition defined by Equation (1.21) takes the form

/‘ﬂT,(in)”i =g—nT"™ onT (1.24)
The partial differential Equation (1.22) together with boundary conditions of Equation (1.24) is called the
Helmholtz equation .

We want to use the LinearPDE class provided by esys.escript to define and solve a general linear,steady,
second order PDE such as the Helmholtz equation. For a single PDE the LinearPDE class supports the following
form:

—(Ajiuy);+Du=Y . (1.25)

where we show only the coefficients relevant for the problem discussed here. For the general form of single
PDE see Equation (4.1). The coefficients A, and Y have to be specified through Data objects in the general
FunctionSpace on the PDE or objects that can be converted into such Data objects. A is a rank-2 Data
object and D and Y are scalar. The following natural boundary conditions are considered on I':

njAju; +du=1y. (1.26)

Notice that the coefficient A is the same like in the PDE Equation (1.25). The coefficients d and y are each a
scalar Data object in the boundary FunctionSpace. Constraints for the solution prescribing the value of the
solution at certain locations in the domain. They have the form

u =1 where ¢ > 0 (1.27)

r and q are each scalar Dat a object where ¢ is the characteristic function defining where the constraint is applied.
The constraints defined by Equation (1.27) override any other condition set by Equation (1.25) or Equation (1.26).
The Poissonclassof the esys.escript.linearPDEs module, which we have already used in Chapter 1.2,
is in fact a subclass of the more general LinearPDE class. The esys.escript.linearPDEs module pro-
vides a Helmholt z class but we will make direct use of the general LinearPDE class.

By inspecting the Helmholtz equation (1.22) and boundary condition (1.24) and substituting « for 7™ we can
easily assign values to the coefficients in the general PDE of the LinearPDE class:

Aijzlidij D=w Y:f

1.28
d=1 y=g (1.28)

d;; is the Kronecker symbol defined by d;; = 1 for i = j and 0 otherwise. Undefined coefficients are assumed
to be not present.’ In this diffusion example we do not need to define a characteristic function g because the
boundary conditions we consider in Equation (1.24) are just the natural boundary conditions which are already
defined in the LinearPDE class (shown in Equation (1.26)).

The Helmholtz equation can be set up by following way ” :

mypde=LinearPDE (mydomain)
mypde.setValue (A=kappa*kronecker (mydomain) ,D=omega, Y=f, d=eta, y=9)
u=mypde.getSolution ()

where we assume that mydomain is a Domain object and kappa omega eta and g are given scalar values typ-
ically float or Data objects. The setValue method assigns values to the coefficients of the general PDE. The
getSolution method solves the PDE and returns the solution u of the PDE. kroneckerisesys.escript
function returning the Kronecker symbol.

The coefficients can set by several calls of setValue where the order can be chosen arbitrarily. If a value is
assigned to a coefficient several times, the last assigned value is used when the solution is calculated:

mypde=LinearPDE (mydomain)

mypde.setValue (A=kappaxkronecker (mydomain) ,d=eta)
mypde.setValue (D=omega, Y=f, y=q)

mypde.setValue (d=2*eta) # overwrites d=eta
u=mypde.getSolution ()

SThere is a difference in esys.escript of being not present and set to zero. As not present coefficients are not processed, it is more
efficient to leave a coefficient undefined instead of assigning zero to it.
7Please, note that this is not a complete code. The complete code can be found in “helmholtz.py”.

10 Chapter 1. Tutorial: Solving PDEs



In some cases the solver of the PDE can make use of the fact that the PDE is symmetric where the PDE is called
symmetric if
Aj =45 . (1.29)

Note that D and d may have any value and the right hand sides Y, y as well as the constraints are not relevant.
The Helmholtz problem is symmetric. The LinearPDE class provides the method checkSymmetry to check
if the given PDE is symmetric.

mypde=LinearPDE (mydomain)

mypde.setValue (A=kappaxkronecker (mydomain) ,d=eta)
print mypde.checkSymmetry () # returns True
mypde.setValue (B=kronecker (mydomain) [0])

print mypde.checkSymmetry () # returns False
mypde.setValue (C=kronecker (mydomain) [0])

print mypde.checkSymmetry () # returns True

Unfortunately, a checkSymmetry is very expensive and is recommendable to use for testing and debugging
purposes only. The set Symmet ryOn method is used to declare a PDE symmetric:

mypde = LinearPDE (mydomain)
mypde.setValue (A=kappaxkronecker (mydomain))
mypde.setSymmetryOn ()

Now we want to see how we actually solve the Helmholtz equation. on a rectangular domain of length [y = 5 and
height [y = 1. We choose a simple test solution such that we can verify the returned solution against the exact
answer. Actually, we take T' = z¢ (here g = 0) and then calculate the right hand side terms f and g such that the
test solution becomes the solution of the problem. If we assume « as being constant, an easy calculation shows
that we have to choose f = w - z(. On the boundary we get kn;u ; = kng. So we have to set g = kng + nxo. The
following script ‘helmholtz.py’ which is available in the example directory implements this test problem using the
esys.finley PDE solver:

from esys.escript import =«
from esys.escript.linearPDEs import LinearPDE
from esys.finley import Rectangle

#... set some parameters

kappa=1.

omega=0.1

eta=10.

#... generate domain

mydomain = Rectangle (10=5.,11=1.,n0=50, nl=10)
#... open PDE and set coefficients

mypde=LinearPDE (mydomain)

mypde.setSymmetryOn ()

n=mydomain.getNormal ()

x=mydomain.getX ()

mypde.setValue (A=kappa*kronecker (mydomain) ,D=omega, Y=omega*x[0], \
d=eta, y=kappaxn[0]+teta*x[0])

#... calculate error of the PDE solution
u=mypde.getSolution ()
print "error is ",Lsup(u-x[0])

saveVTK ("x0.xml", sol=u)

To visualize the solution ‘x0. xml’ just use the command

mayavi -d u.xml -m SurfaceMap &

and it is easy to see that the solution 7' = =z is calculated.

The script is similar to the script ‘poisson.py’ discussed in Chapter 1.2. mydomain.getNormal () returns the
outer normal field on the surface of the domain. The function Lsup imported by the from esys.escript
import = statement and returns the maximum absolute value of its argument. The error shown by the print
statement should be in the order of 10~7. As piecewise bi-linear interpolation is used by esys . finley approx-
imate the solution and our solution is a linear function of the spatial coordinates one might expect that the error
would be zero or in the order of machine precision (typically ~ 10~!%). However most PDE packages use an
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iterative solver which is terminated when a given tolerance has been reached. The default tolerance is 10~%. This
value can be altered by using the setTolerance of the LinearPDE class.

1.3.4 The Transition Problem

Now we are ready to solve the original time-dependent problem. The main part of the script is the loop over time
t which takes the following form:

t=0
T=Tref
mypde=LinearPDE (mydomain)
mypde.setValue (A=kappa*kronecker (mydomain),D=rhocp/h,d=eta, y=etaxTref)
while t<t_end:
mypde.setValue (Y=g+rhocp/h*T)
T=mypde.getSolution ()
t+=h

kappa, rhocp, eta and Tref are input parameters of the model. g is the heat source in the domain and 4 is the time
step size. The variable T holds the current temperature. It is used to calculate the right hand side coefficient f in
the Helmholtz equation in Equation (1.22). The statement T=mypde .getSolution () overwrites 7 with the
temperature of the new time step 7+ 4. To get this iterative process going we need to specify the initial temperature
distribution, which equal to 7’..y. The LinearPDE class object mypde and coefficients not changing over time
are set up before the loop over time is entered. In each time step only the coefficient Y is reset as it depends on the
temperature of the previous time step. This allows the PDE solver to reuse information from previous time steps
as much as possible.

The heat source gz which is defined in Equation (1.16) is gc in an area defined as a circle of radius r and center
xc and zero outside this circle. g0 is a fixed constant. The following script defines gz as desired:

from esys.escript import length,whereNegative
xc=[0.02,0.002]

r=0.001

x=mydomain.getX()
gH=g0*whereNegative (length (x-xc) -r)

x is a Data class object of the esys.escript module defining locations in the Domain mydomain. The
length () imported from the esys.escript module returns the Euclidean norm:

lyll = \/y:yi = esys.escript.length(y) (1.30)

So length (x-xc) calculates the distances of the location x to the center of the circle xc where the heat source
is acting. Note that the coordinates of xc are defined as a list of floating point numbers. It is automatically
converted into a Data class object before being subtracted from x. The function whereNegative applied to
length (x—-xc) —r, returns a Data object which is equal to one where the object is negative (inside the circle)
and zero elsewhere. After multiplication with gc we get a function with the desired property of having value gc
inside the circle and zero elsewhere.

Now we can put the components together to create the script ‘diffusion.py’ which is available in the example
directory: :

from esys.escript import =

from esys.escript.linearPDEs import LinearPDE
from esys.finley import Rectangle

#... set some parameters
xc=[0.02,0.002]

r=0.001

qgc=50.e6

Tref=0.

rhocp=2.6e6

eta=75.

kappa=240.

tend=5.

# ... time, time step size and counter
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generate domain

mydomain = Rectangle (10=0.05,11=0.01,n0=250, nl1=50)
#... open PDE

mypde=LinearPDE (mydomain)

mypde.setSymmetryOn ()

mypde.setValue (A=kappaxkronecker (mydomain) ,D=rhocp/h,d=eta, y=etaxTref)
# ... set heat source:

x=mydomain.getX ()
gH=gc*whereNegative (length (x-xc) -r)

# ... set initial temperature

T=Tref

# ... start iteration:

while t<tend:

i+=1

t+=h

print "time step :",t

mypde.setValue (Y=gH+rhocp/h«T)
T=mypde.getSolution ()

saveVTK ("T.%d.xml1"%1i, temp=T)

The script will create the files ‘T.1.xml’, ‘T.2.xml’, ..., “T.50.xml’ in the directory where the script has been started.
The files give the temperature distributions at time steps 1, 2, ..., 50 in the V7K file format.

Figure 1.6 shows the result for some selected time steps. An easy way to visualize the results is the command
mayavi -d T.l.xml -m SurfaceMap &

Use the Configure Data window in mayavi to move forward and and backwards in time.

1.4 3-D Wave Propagation

In this next example we want to calculate the displacement field u; for any time ¢ > 0 by solving the wave
equation:

Pui e — 0355 =0 (1.31)
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FIGURE 1.7: Input Displacement at Source Point (v = 0.7, to = 3, Up = 1).

.10 I I I I
0 1 2 3 4 5

FIGURE 1.8: Input Acceleration at Source Point (o« = 0.7, to = 3, Up = 1).

in a three dimensional block of length L in xy and x; direction and height H in x, direction. p is the known
density which may be a function of its location. o;; is the stress field which in case of an isotropic, linear elastic
material is given by

oij = Mugrdij + plui g+ ) (1.32)

where A and y are the Lame coefficients and d;; denotes the Kronecker symbol. On the boundary the normal stress
is given by

Oijnj = 0 (133)
for all time ¢ > 0.

Here we are modelling a point source at the point z¢ in the xg-direction which is a negative pulse of amplitude
Uy followed by the same positive pulse. In mathematical terms we use

t—1 (t=t)?
uo(zc,t) = U \/5(70)6%_ el (1.34)
@
for all £ > 0 where « is the width of the pulse and t is the time when the pulse changes from negative to positive.

In the simulations we will choose o = 0.3 and ¢ty = 2, see Figure 1.7 and will apply the source as a constraint in
a in a sphere of small radius around the point .
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We use an explicit time integration scheme to calculate the displacement field « at certain time marks ¢(") where
(") = t(»=1) 4} with time step size h > 0. In the following the upper index (n) refers to values at time ¢(™). We
use the Verlet scheme with constant time step size i which is defined by

u™ = 20" — ("2 4 p24 (™) (1.35)
(1.36)
foralln = 2,3,.... Itis designed to solve a system of equations of the form
gy = G(u) (1.37)
where one sets a(™) = G(u("~1)).
In our case a(™ is given by
pal" = o7 (1.38)
and boundary conditions
g =0 (1.39)

derived from Equation (1.33) where

ol = g Ve Y i), (1.40)
We also need to apply the constraint
2. t — o) t—t (t—tg)?
a(() (zcyt) \/ 30 —6 O)e%* =) (1.41)
Q o

which is derived from equation 1.34 by calculating the second order time derivative, see Figure 1.8. Now we have
converted our problem for displacement, u(™ into a problem for acceleration, a™, which now depends on the
solution at the previous two time steps, v 1) and u("~2).

In each time step we have to solve this problem to get the acceleration (™), and we will use the LinearPDE class
of the esys.escript.linearPDEs to do so. The general form of the PDE defined through the LinearPDE
class is discussed in Section 4.1. The form which is relevant here is

Dijagn) = *Xij,j . (142)

The natural boundary condition
n; X;; =0 (1.43)

is used. With v = a(™) we can identify the values to be assigned to D and X:

n—1
Dij = péu Xij = —O'Z(j ) (144)
Moreover we need to define the location r where the constraint 1.41 is applied. We will apply the constraint on a
small sphere of radius R around x¢ (we will use 3p.c. of the width of the domain):

v 1 Jz—2 <R
¢i(w) = { 0 otherwise (1.45)

The following script defines a the function wavePropagat ion which implements the Verlet scheme to solve
our wave propagation problem. The argument domain which is a Domain class object defines the domain of
the problem. % and tend are the time step size and the end time of the simulation. lam, mu and rho are material
properties.

def wavePropagation (domain,h,tend, lam,mu, rho, x_c, src_radius, UO0):
# lists to collect displacement at point source which is returned to the caller
ts, u_pcO,u_pcl,u_pc2=[], [I, [1, []

x=domain.getX ()
# ... open new PDE ...
mypde=LinearPDE (domain)
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mypde.getSolverOptions () .setSolverMethod (mypde.getSolverOptions () . LUMPING)
kronecker=identity (mypde.getDim())

dunit=numpy.array([1.,0.,0.]) # defines direction of point source
mypde.setValue (D=kronecker+rho, g=whereNegative (length (x-xc)-src_radius)xdunit)
# ... set initial values

n=0

# for first two time steps

u=Vector (0., Solution (domain))

u_last=Vector (0., Solution (domain))

t=0

# define the location of the point source

L=Locator (domain, xc)

# find potential at point source

u_pc=L.getValue (u)

print "u at point charge=",u_pc

# open file to save displacement at point source

u_pc_data=FileWriter (’./data/U_pc.out’)

ts.append(t); u_pcO.append(u_pc[0]), u_pcl.append(u_pcll]), u_pc2.append(u_pcl2])

while t<tend:
t+=h
# ... get current stress
g=grad (u)
stress=lamxtrace (g) xkronecker+mux (g+transpose (g) )
# ... get new acceleration
amplitude=U0« (4% (t-t0) **3/alphax*3-6* (t—-t0) /alpha) xsqgrt (2.) /alphax*2 \
xexp(l./2.-(t-t0)**2/alpha*x2)
mypde.setValue (X=-stress, r=dunitxamplitude)
a=mypde.getSolution ()
# ... get new displacement
u_new=2+u-u_last+h**2xa
# ... shift displacements
u_last=u
u=u_new
n+=1
print n,"-th time step t ", t
u_pc=L.getValue (u)
print "u at point charge=",u_pc
# save displacements at point source to file for t > 0
ts.append(t); u_pclO.append(u_pc[0]), u_pcl.append(u_pcl[l]), \
u_pc2.append(u_pcl2])

# ... save current acceleration in units of gravity and displacements
if n==1 or n%10==0: saveVTK("./data/usoln.%i.vtu"%$(n/10), \

acceleration=length(a)/9.81,
displacement = length(u), \
tensor = stress, Ux = ul[0] )

return ts, u_pcO, u_pcl, u_pc2

Notice that all coefficients of the PDE which are independent of time ¢ are set outside the while loop. This is
very efficient since it allows the LinearPDE class to reuse information as much as possible when iterating over
time.

The statement
mypde.getSolverOptions () .setSolverMethod (mypde.getSolverOptions () . LUMPING)
switches on the use of an aggressive approximation of the PDE operator as a diagonal matrix formed from the

coefficient D. The approximation allows, at the cost of additional error, very fast solution of the PDE. When using
lumping the presence of A, B or C will produce wrong results.

There are a few new esys.escript functions in this example: grad (u) returns the gradient u; ; of u (in
fact grad(g)[i,j]== u; ;). There are restrictions on the argument of the grad function, for instance the statement
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grad (grad (u)) will raise an exception. trace (g) returns the sum of the main diagonal elements g/k k] of
gand transpose (g) returns the matrix transpose of g (ie. transpose(g)[i,j] = glj,i]).

We initialize the values of u and u_last to be zero. It is important to initialize both with the solution
FunctionSpace FunctionSpace as they have to be seen as solutions of PDEs from previous time steps. In
fact, the grad does not accept arguments with a certain FunctionSpace, for more details see Section 3.1.3.

The Locator is designed to extract values at a given location (in this case z¢) from functions such as the
displacement vector u. Typically the Locator is used in the following form:

L=Locator (domain, xc)
u=...
u_pc=L.getValue (u)

The return value u_pc is the value of u at the location xc®. The values are collected in the lists u_pc0, u_pcl
and u_pc?2 together with the corresponding time marker in #s. The values are handed back to the caller. Later we
will show to ways to access these data.

One of the big advantages of the Verlet scheme is the fact that the problem to be solved in each time step is very
simple and does not involve any spatial derivatives (which is what allows us to use lumping in this simulation).
The problem becomes so simple because we use the stress from the last time step rather then the stress which
is actually present at the current time step. Schemes using this approach are called an explicit time integration
schemes . The backward Euler scheme we have used in Chapter 1.3 is an example of an implicit scheme . In this
case one uses the actual status of each variable at a particular time rather then values from previous time steps.
This will lead to a problem which is more expensive to solve, in particular for non-linear problems. Although
explicit time integration schemes are cheap to finalize a single time step, they need significantly smaller time steps
then implicit schemes and can suffer from stability problems. Therefore they need a very careful selection of the
time step size h.

An easy, heuristic way of choosing an appropriate time step size is the Courant condition which says that within
a time step a information should not travel further than a cell used in the discretization scheme. In the case of the

wave equation the velocity of a (p-) wave is given as 4/ )“;2“ so one should choose h from

1 P
R A 1.4
s\ a+2u (1.46)

where Az is the cell diameter. The factor % is a safety factor considering the heuristics of the formula.

The following script uses the waveP ropagation function to solve the wave equation for a point source located
at the bottom face of a block. The width of the block in each direction on the bottom face is 10km (g and x;
directions ie. 10 and 11). The ne gives the number of elements in xy and x; directions. The depth of the block
is aligned with the xo-direction. The depth (12) of the block in the za-direction is chosen so that there are 10
elements and the magnitude of the of the depth is chosen such that the elements become cubic. We chose 10 for
the number of elements in x,-direction so that the computation would be faster. Brick (ng,ni,ne,lo,l1,l2)
is an esys.finley function which creates a rectangular mesh with ng X n; X ny elements over the brick
[0,[0} X [0,[1} X [0712}.

from esys.finley import Brick

ne=32 # number of cells in x_0 and x_1 directions
width=10000. # length in x_0 and x_1 directions
lam=3.462e9

mu=3.462e9

rho=1154.

tend=60

U0=1. # amplitude of point source

# spherical source at middle of bottom face
xc=[width/2.,width/2.,0.]

# define small radius around point xc

src_radius = 0.03xwidth

print "src_radius = ",src_radius

mydomain=Brick (ne,ne, 10, 10=width, 11=width, 12=10.+width/32.)
h=(1./5.)*inf (sqrt (rho/ (lam+2+mu) ) *inf (domain.getSize ())

81n fact the finite element node which is closest to the given position. The usage of Locator is MPI save.
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FIGURE 1.9: Selected time steps (n = 11, 22, 32, 36) of a wave propagation over a 10km x 10km x 3.125km block from
a point source initially at (5km, 5km, 0) with time step size h = 0.02083. Color represents the displacement. Here the view is
oriented onto the bottom face.

print "time step size = ",h
ts, u_pc0, u_pcl, u_pc2 = \
wavePropagation (mydomain, h, tend, lam, mu, rho, xc, src_radius, UO0)

The domain.getSize () return the local element size Ax. The in £ makes sure that the Courant condition 1.46
olds everywhere in the domain.

The script is available as ‘wave.py’ in the example directory . To visualize the results from the data directory:
mayavi2 -d usoln.l.vtu -m SurfaceMap &

You can rotate this figure by clicking on it with the mouse and moving it around. Again use Configure Data
to move backwards and forward in time, and also to choose the results (acceleration, displacement or u,) by using
Select Scalar. Figure 1.9 shows the results for the displacement at various time steps.

It remains to show some possibilities to inspect the collected data u_pc0O, u_pcl and u_pc2. One way is to write
the data to a file and then use an external package such as gnuplot [26], excel or OpenOffice to read the data for
further analysis. The following code shows one possible form to write the data to the file ‘./data/U_pc.out’:

u_pc_data=FileWriter (’./data/U_pc.out’)
for 1 in xrange(len(ts))

u_pc_data.write ("$f $f $f $f\n"%(ts[i],u_pcO0[i],u_pcl[i],u_pc2[i]))
u_pc_data.close ()

The U_pc. out stores 4 columns of data: ¢, u,, uy, u, respectively, where u, u,, u. are the xg, 1, T2 compo-
nents of the displacement vector u at the point source. These can be plotted easily using any plotting package. In
gnuplot [26]the command:

plot 'U_pc.out’” u 1:2 title 'U_x’" w 1 1lw 2, 'U_pc.out’ u 1:3 title 'U_y’ w 1 1lw 2,

"U_pc.out’ u 1:4 title 'U_z’ w 1 1lw 2
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FIGURE 1.10: Amplitude at Point source from the Simulation.

will reproduce Figure 1.10 (As expected this is identical to the input signal shown in Figure 1.7)2. It is pointed
out that we are not using the standard python open to write to the file U_pc. out as it is not safe when running
esys.escript under MPI, see chapter 2 for more details.

Alternatively, one can implement plotting the results at run time rather than in a post-processing step. This avoids
the generation of an intermediate data file. In escript the preferred way of creating 2D plots of time dependent data
ismatplotlib. The following script creates the plot and writes it into the file ‘u_pc.png’ in the PNG image
format:

import matplotlib.pyplot as plt

if getMPIRankWorld() == 0:
plt.title("Displacement at Point Source™)
plt.plot(ts, u_pcO, "—’, label="x_ 0", linewidth=1)

plt.plot(ts, u_pcl, "-’, label="x_1", linewidth=1)
plt.plot(ts, u_pc2, "'-’, label="x_2", linewidth=1)

plt.xlabel ("time’)
plt.ylabel ('displacement’)
plt.legend ()

plt.savefig('u_pc.png’, format='png’)

You can add the plt.show () to create a interactive browser window. Please not that through the
getMPIRankWorld () == O statement the plot is generated on one processor only (in this case the rank 0
processor) when run under MPL

Both options for processing the point source data are include in the example file ‘wave.py’. There other options
available to process these data in particular through the SciPy[7] package , eg Fourier transformations. It is
beyond the scope of this users guide to document the usage of SciPy[7] for time series analysis but is highly
recommended that users use SciPy[7] to any further data processing.

1.5 Elastic Deformation
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In this section we want to examine the deformation of a linear elastic body caused by expansion through a heat
distribution. We want a displacement field u; which solves the momentum equation :

i =0 (1.47)

where the stress o is given by

2
Oij = Auk,kéz‘j + M(Ui,j + Uj,z‘) — ()\ + g,u) a (T — Tref)éij . (1.48)

In this formula X\ and g are the Lame coefficients, « is the temperature expansion coefficient, 7" is the temperature
distribution and Tref a reference temperature. Note that Equation (1.47) is similar to Equation (1.31) introduced
in section Section 1.4 but the inertia term pu; ¢4 has been dropped as we assume a static scenario here. Moreover,
in comparison to the Equation (1.32) definition of stress o in Equation (1.48) an extra term is introduced to bring
in stress due to volume changes trough temperature dependent expansion.

Our domain is the unit cube
Q={(zi)|0 <a; <1} (1.49)
On the boundary the normal stress component is set to zero
oin; =0 (1.50)
and on the face with z; = 0 we set the i-th component of the displacement to 0
u;(x) =0 where ;=0 (1.51)
For the temperature distribution we use
T(z) = Tye Plo—=1, (1.52)

with a given positive constant 3 and location =€ in the domain.

When we insert Equation (1.48) we get a second order system of linear PDEs for the displacements « which is
called the Lame equation. We want to solve this using the LinearPDE class to this. For a system of PDEs and a
solution with several components the LinearPDE class takes PDEs of the form

—(Aijriury) ; = —Xijj - (1.53)

A is of rank-4 Data object and X is of rank-2 Data object. We show here the coefficients relevant for the we
trying to solve. The full form is given in Equation (4.4). The natural boundary conditions take the form:

n;Aijriugg = n; X5 - (1.54)

Constraints take the form
u; = r; where ¢; > 0 (1.55)

r and q are each rank-1 Data object. We can easily identify the coefficients in Equation (1.53):

Aijrt = NijOri + p(dindjs + 6adjn) (1.56)
2

Xij = A+ g a (T = Trer)di; (1.57)

(1.58)

The characteristic function ¢ defining the locations and components where constraints are set is given by:

1 Ty = 0

6 () = { 0 otherwise (1.59
Under the assumption that A, y, 8 and T, are constant we may use Y; = (A + % 1) « T;. However, this choice
would lead to a different natural boundary condition which does not set the normal stress component as defined
in Equation (1.48) to zero.
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Analogously to concept of symmetry for a single PDE, we call the PDE defined by Equation (1.53) symmetric if

Aijit = Akiij (1.60)
(1.61)
This Lame equation is in fact symmetric, given the difference in D and d as compared to the scalar case. The

LinearPDE class is notified of this fact by calling its set Symmet ryOn method.

After we have solved the Lame equation we want to analyse the actual stress distribution. Typically the von—Mises
stress defined by

1
Omises = \/((000 —011)% + (011 — 022)% + (022 — 000)?) + 3(0(2)1 + ‘7%2 + U%O) (1.62)

2
is used to detect material damage. Here we want to calculate the von—Mises and write the stress to a file for
visualization.

The following script, which is available in ‘heatedbox.py’ in the example directory, solves the Lame equation and
writes the displacements and the von—Mises stress into a file ‘deform.xml’ in the V7K file format:

from esys.escript import =

from esys.escript.linearPDEs import LinearPDE
from esys.finley import Brick

#... set some parameters

lam=1.

mu=0.1

alpha=l.e-6

xc=[0.3,0.3,1.]

beta=8.

T ref=0.

T_0=1.

#... generate domain

mydomain = Brick(l0=1.,11=1., 12=1.,n0=10, nl=10, n2=10)
x=mydomain.getX()

#... set temperature
T=T_0Oxexp (-betaxlength (x-xc))
#... open symmetric PDE

mypde=LinearPDE (mydomain)
mypde.setSymmetryOn ()
#... set coefficients
C=Tensor4 (0.,Function (mydomain))
for i in range (mydomain.getDim()) :
for j in range (mydomain.getDim()) :
Cl[i,1,]J,jl+=1lam
Cl3,1i,3,1i]l+=mu
Cl3,1,1,J]l+=mu
msk=whereZero (x[0])*[1.,0.,0.] \
+whereZero(x[1]1)*[0.,1.,0.1 \
+whereZero(x[2])*[0.,0.,1.]
sigmaO=(lam+2./3.*mu) xalphax (T-T_ref) rkronecker (mydomain)
mypde.setValue (A=C,X=sigma0, g=msk)
#... solve pde
u=mypde.getSolution ()
#... calculate von-Misses stress
g=grad (u)
sigma=mu~* (gttranspose (g) ) +lam+trace (g) xkronecker (mydomain) -sigmal
sigma_mises=sqgrt (((sigma[0,0]-sigmal[l,1])**x2+ (sigma[l,1]-sigmal[2,2])**x2+ \
(sigma[2,2]-sigmal[0,0])*x*x2) /2. \
+3% (sigma[0,1]**x2 + sigma[l,2]*%2 + sigmal[2,0]**2))
#... output
saveVTK ("deform.xml",disp=u, stress=sigma_mises)

Finally the the results can be visualize by calling

mayavi -d deform.xml -f CellToPointData -m VelocityVector -m SurfaceMap &
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FIGURE 1.11: von—Mises Stress and Displacement Vectors.

Note that the filter CellToPointData is applied to create smooth representation of the von—Mises stress. Figure 1.11
shows the results where the vertical planes showing the von—Mises stress and the horizontal plane shows the vector
representing displacements.

1.6 Stokes Flow

In this section we will look at Computational Fluid Dynamics (CFD) to simulate the flow of fluid under the
influence of gravity. The StokesProblemCartesian class will be used to calculate the velocity and pressure of the
fluid. The fluid dynamics is governed by the Stokes equation. In geophysical problems the velocity of fluids
are low; that is, the inertial forces are small compared with the viscous forces, therefore the inertial terms in the
Navier-Stokes equations can be ignored. For a body force, f, the governing equations are given by:

V- (Vi +VTE) - Vp=—Ff, (1.63)

with the incompressibility condition
V-iv=0. (1.64)

where p, ) and f are the pressure, viscosity and body forces, respectively. Alternatively, the Stokes equations can
be represented in Einstein summation tensor notation (compact notation):

—(n(vij +vji))sj —Psi = fis (1.65)

with the incompressibility condition
—v;; =0, (1.66)

The subscript comma ¢ denotes the derivative of the function with respect to x;. The body force f in Equation
(1.65) is the gravity acting in the 3 direction and is given as f = —gpd;3. The Stokes equations is a saddle point
problem, and can be solved using a Uzawa scheme. A class called StokesProblemCartesian in Escript can be used
to solve for velocity and pressure; more detail on the class can be view in Chapter 6. In order to keep numerical
stability, the time-step size needs to be kept below a certain value, to satisfy the Courant condition. The Courant

number is defined as: 5t
C = UT (1.67)

where dt, v, and h are the time-step, velocity, and the width of an element in the mesh, respectively. The velocity
v may be chosen as the maximum velocity in the domain. In this problem the time-step size was calculated for a
Courant number of 0.4.
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The following PYTHON script is the setup for the Stokes flow simulation, and is available in the example directory
as “fluid.py’. It starts off by importing the classes, such as the StokesProblemCartesian class, for solving the
Stokes equation and the incompressibility condition for velocity and pressure. Physical constants are defined for
the viscosity and density of the fluid, along with the acceleration due to gravity. Solver settings are set for the
maximum iterations and tolerance; the default solver used is PCG. The mesh is defined as a rectangle, to represent
the body of fluid. The gravitational force is calculated base on the fluid density and the acceleration due to gravity.
The boundary conditions are set for a slip condition at the base of the mesh; fluid movement in the x-direction is
free, but fixed in the y-direction. An instance of the StokesProblemCartesian is defined for the given computational
mesh, and the solver tolerance set. Inside the while loop, the boundary conditions, viscosity and body force are
initialized. The Stokes equation is then solved for velocity and pressure. The time-step size is calculated base on
the Courant condition, to ensure stable solutions. The nodes in the mesh are then displaced based on the current
velocity and time-step size, to move the body of fluid. The output for the simulation of velocity and pressure is
then save to file for visualization.

from esys.escript import =

import esys.finley

from esys.escript.linearPDEs import LinearPDE

from esys.escript.models import StokesProblemCartesian

#physical constants
eta=1.0

rho=100.0

g=10.0

#solver settings
tolerance=1.0e-4
max_iter=200
t_end=50

t=0.0

time=0
verbose=True

#fdefine mesh

H=2.0

L=1.0

W=1.0

mesh = esys.finley.Rectangle (10=L, 11=H, order=2, n0=20, nl=20)
coordinates = mesh.getX()

#gravitational force
Y=Vector (0.0, Function (mesh))
Y[1l]=-rhoxg

#element spacing
h=Lsup (mesh.getSize())

#boundary conditions for slip at base
boundary_cond=whereZero (coordinates[1])*[0.0,1.0]

#velocity and pressure vectors
velocity=Vector (0.0, ContinuousFunction (mesh))
pressure=Scalar (0.0, ContinuousFunction (mesh))

#Stokes Cartesian
solution=StokesProblemCartesian (mesh)
solution.setTolerance (tolerance)

while t <= t_end:

print " ————- Time step = %s ————— St )
print "Time = %s seconds"%$( time )

solution.initialize (fixed_u_mask=boundary_cond, eta=eta, £f=Y)
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velocity,pressure=solution.solve (velocity,pressure, max_iter=max_iter, \
verbose=verbose)

—_n

print "Max velocity =", Lsup(velocity), "m/s"

#Courant condition
dt=0.4*h/ (Lsup (velocity))
print "dt", dt

#displace the mesh

displacement = velocity * dt
coordinates = mesh.getX()

mesh.setX (coordinates + displacement)

time += dt
vel_mag = length(velocity)

#save velocity and pressure output
saveVIK ("vel.%2.21i.vtu"% (t),vel=vel_mag, vec=velocity,pressure=pressure)
t = t+1.0

The results from the simulation can be viewed with mayavi, by executing the following command:

mayavi -d vel.00.vtu -m SurfaceMap

Colour coded scalar maps and velocity flow fields can be viewed by selecting them in the menu. The time-steps
can be swept through to view a movie of the simulation. Figures 1.12 and 1.13 shows the simulation output.
Velocity vectors and a colour map for pressure are shown. As the time progresses the body of fluid falls under the
influence of gravity. The view used here to track the fluid is the Lagrangian view, since the mesh moves with the
fluid. One of the disadvantages of using the Lagrangian view is that the elements in the mesh become severely
distorted after a period of time and introduce solver errors. To get around this limitation the Level Set Method can
be used, with the Eulerian point of view for a fixed mesh.
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FIGURE 1.12: Simulation output for Stokes flow. Fluid body starts off as a rectangular shape, then progresses downwards
under the influence of gravity. Color coded distribution represents the scalar values for pressure. Velocity vectors are displayed
at each node in the mesh to show the flow field. Computational mesh used was 20x20 elements.
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FIGURE 1.13: Simulation output for Stokes flow.
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CHAPTER
TWO

Execution of an escript Script

2.1 Overview
A typical way of starting your escript script ‘myscript.py’ is with the escript command':

escript myscript.py

as already shown in section 1.2> . In some cases it can be useful to work interactively e.g. when debugging a
script, with the command

escript -i myscript.py

This will execute myscript.py and when it completes (or an error occurs), a python prompt will be provided. To
leave the prompt press Control—d.

To start escript using four threads (eg. if you use a multi-core processor) you can use

escript -t 4 myscript.py

This will require escript to be compiled for OpenMP [18].
To start escript using MPI [14] with 8 processes you use

escript -p 8 myscript.py

If the processors which are used are multi—core processors or multi—processor shared memory architectures you
can use threading in addition to MPI . For instance to run 8 MPI processes with using 4 threads each, you use the
command

escript -p 8 -t 4 myscript.py

In the case of a super computer or a cluster, you may wish to distribute the workload over a number of nodes?.
For example, to use 8 nodes, with 4 MPI processes per node, write

escript —n 8 -p 4 myscript.py

Since threading has some performance advantages over processes, you may specify a number of threads as well.

escript -n 8 -p 4 -t 2 myscript.py

This runs the script on 8 nodes, with 4 processes per node and 2 threads per process.

I'The escript launcher is not supported under MS Windows yet.
2For this discussion, it is assumed that escript is included in your PATH environment. See installation guide for details.
3For simplicity, we will use the term node to refer to either a node in a super computer or an individual machine in a cluster
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2.2

Options

The general form of the escript launcher is as follows:

escript [-nnn ] [-pnp | [-tur] [-fhostfite ] [-x][-V] [-e] [-n] [-v] [-o] [-] [T [-b] [fite ] [ARGS]

where
enviro

file is the name of a script, ARGS are arguments for the script. The escript program will import your current
nment variables. If no file is given, then you will be given a python prompt (see -i for restrictions).

The options are used as follows:

=N nn

-p np

-t nt

-f hostfile

-V

2.2.1

the number of compute nodes nn to be used. The total number of process being used is nn - ns. This
option overwrites the value of the ESCRIPT_NUM_NODES environment variable. If a hostfile is given,
the number of nodes needs to match the number hosts given in the host file. If nn > 1 but escript is not
compiled for MPI a warning is printed but execution is continued with nn = 1. If -n is not set the number
of hosts in the host file is used. The default value is 1.

the number of MPI processes per node. The total number of processes to be used is nn - np. This option
overwrites the value of the ESCRIPT_NUM_PROCS environment variable. If np > 1 but escript is not
compiled for MPI a warning is printed but execution is continued with np = 1. The default value is 1.

the number of threads used per processes. The option overwrites the value of the
ESCRIPT_NUM_THREADS environment variable. If nt > 1 but escript is not compiled for
OpenMP a warning is printed but execution is continued with nt = 1. The default value is 1.

the name of a file with a list of host names. Some systems require to specify the addresses or names of
the compute nodes where MPI process should be spawned. The list of addresses or names of the compute
nodes is listed in the file with the name hostfile. If -n is set the the number of different hosts defined in
hostfile must be equal to the number of requested compute nodes nn. The option overwrites the value of the
ESCRIPT_HOSTFILE environment variable. By default value no host file is used.

prints the information about the settings used to compile escript and stops execution..
prints the version of escript and stops execution.
prints a help message and stops execution.

executes the script file and switches to interactive mode after the execution is finished or an exception has
occurred. This option is useful for debugging a script. The option cannot be used if more then one process
(nn - np > 1) is used.

do not invoke python. This is used to run non-python programs.

shows additional environment variables and commands used during escript execution. This option is useful
if users wish to execute scripts without using the escript command.

switches on the redirection of output of processors with MPI rank greater than zero to the files
‘stdout_r.out’ and ‘stderr_r.out’ where r is the rank of the processor. The option overwrites the value
of the ESCRIPT_STDFILES environment variable

prints some diagnostic information.

Notes

Make sure that mpiexec is in your PATH.

For MPICH and INTELMPI and for the case a hostfile is present escript will start the mpd demon before
execution.
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2.3 Input and Output

When MPI is used on more than one process (nn - np > 1) no input from the standard input is accepted. Standard
output on any process other the the master process (rank=0) will not be available. Error output from any processor
will be redirected to the node where eseript has been invoked. If the -0 or ESCRIPT_STDFILES is set*, then
the standard and error output from any process other than the master process will be written to files of the names
‘stdout_r.out’ and ‘stderr_r.out’ (where r is the rank of the process).

If files are created or read by individual MPI processes with information local to the process (e.g in the dump
function) and more than one process is used (nn - np > 1), the MPI process rank is appended to the file names.
This will avoid problems if processes are using a shared file system. Files which collect data which are global for
all MPI processors will created by the process with MPI rank O only. Users should keep in mind that if the file
system is not shared, then a file containing global information which is read by all processors needs to be copied
to the local file system before escript is invoked.

2.4 Hints for MPI Programming

In general a script based on the esys . escript module does not require modifications when running under MPI
. However, one needs to be careful if other modules are used.

When MPI is used on more than one process (nn-np > 1) the user needs to keep in mind that several copies of his
script are executed at the same time 3 while data exchange is performed through the esys.escript module.
At any time, esys.escript assumes that an argument of the type int, float, str and numpy has an identical
value across all processors. All values of these types returned by esys.escript have the same value on all
processors. If values produced by other modules are used as arguments the user has to make sure that the argument
values are identical on all processors. For instance, the usage of a random number generator to create argument
values bears the risk that the value may depend on the processor.

Special attention is required when using files on more then one processor as several processors access the file at
the same time. Open a file for reading is safe, however the user has to make sure that the variables which are set
from reading data from files are identical on all processors.

When writing data to a file it is important that only one processor is writing to the file at any time. As all
values in esys.escript are global it is sufficient to write values on the processor with MPI rank O only. The
FileWriter class provides a convenient way to write global data to a simple file. The following script writes
to the file ’fest.txt’ on the processor with id O only:

from esys.escript import =
f = FileWriter ('t .txt’)
f.write (' test message
f.close()

It is highly recommendable to use this class rather than the build open function as it will guarantee a script which
will run in single processor mode as well as under MPI .

If there is the situation that on one of the processors is throwing an exception, for instance as opening a file for
writing fails, the other processors are not automatically made aware of this as MPI is not handling exceptions.
However, MPI will terminate the other processes but may not inform the user of the reason in an obvious way.
The user needs to inspect the error output files to identify the exception.

4That is, it has a non-empty value.
5In case of OpenMP only one copy is running but esys . escript temporarily spawns threads.
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CHAPTER
THREE

The Module esys.escript

esys.escript is a Python module that allows you to represent the values of a function at points in a Domain
in such a way that the function will be useful for the Finite Element Method (FEM) simulation. It also provides
what we call a function space that describes how the data is used in the simulation. Stored along with the data is
information about the elements and nodes which will be used by esys.finley.

In order to understand what we mean by the term ’function space’, consider that the solution of a partial differ-
ential equation (PDE) is a function on a domain ). When solving a PDE using FEM, the solution is piecewise-
differentiable but, in general, its gradient is discontinuous. To reflect these different degrees of smoothness, differ-
ent function spaces are used. For instance, in FEM, the displacement field is represented by its values at the nodes
of the mesh, and so is continuous. The strain, which is the symmetric part of the gradient of the displacement
field, is stored on the element centers, and so is considered to be discontinuous.

A function space is described by a FunctionSpace object. The following statement generates the object
solution_space which is a FunctionSpace object and provides access to the function space of PDE solutions
on the Domain mydomain:

solution_space=Solution (mydomain)
The following generators for function spaces on a Domain mydomain are available:

e Solution(mydomain): solutions of a PDE.
o ReducedSolution(mydomain): solutions of a PDE with a reduced smoothness requirement.

e ContinuousFunction(mydomain): continuous functions, eg. a temperature distribution.

Function(mydomain): general functions which are not necessarily continuous, eg. a stress field.

FunctionOnBoundary(mydomain): functions on the boundary of the domain, eg. a surface pressure.

FunctionOnContactO(mydomain): functions on side 0 of the discontinuity.

FunctionOnContactl(mydomain): functions on side 1 of the discontinuity.

The reduced smoothness for PDE solution is often used to fulfill the Ladyzhenskaya-Babuska-Brezzi condition
[11] when solving saddle point problems , eg. the Stokes equation. A discontinuity is a region within the domain
across which functions may be discontinuous. The location of discontinuity is defined in the Domain object.
Figure 3.1 shows the dependency between the types of function spaces in Finley (other libraries may have different
relationships).

The solution of a PDE is a continuous function. Any continuous function can be seen as a general function on the
domain and can be restricted to the boundary as well as to one side of discontinuity (the result will be different
depending on which side is chosen). Functions on any side of the discontinuity can be seen as a function on the
corresponding other side.

A function on the boundary or on one side of the discontinuity cannot be seen as a general function on the
domain as there are no values defined for the interior. For most PDE solver libraries the space of the solution
and continuous functions is identical, however in some cases, eg. when periodic boundary conditions are used in
esys.finley, asolution fulfills periodic boundary conditions while a continuous function does not have to be
periodic.
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FIGURE 3.1: Dependency of Function Spaces in Finley. An arrow indicates that a function in the function space at the
starting point can be interpolated to the function space of the arrow target. All functionspaces on the left side can be interpolated
to any of the functionspaces on the right.

The concept of function spaces describes the properties of functions and allows abstraction from the actual repre-
sentation of the function in the context of a particular application. For instance, in the FEM context a function of
the general FunctionSpace type (written as Function() in Figure 3.1) is usually represented by its values at the
element center, but in a finite difference scheme the edge midpoint of cells is preferred. By changing its function
space you can use the same function in a Finite Difference scheme instead of Finite Element scheme. Changing
the function space of a particular function will typically lead to a change of its representation. So, when seen as a
general function, a continuous function which is typically represented by its values on the node of the FEM mesh
or finite difference grid must be interpolated to the element centers or the cell edges, respectively. Interpolation
happens automatically in esys.escript whenever it is required.

In esys.escript the class that stores these functions is called Data. The function is represented through
its values on data sample points where the data sample points are chosen according to the function space of the
function. Data class objects are used to define the coefficients of the PDEs to be solved by a PDE solver library
and also to store the solutions of the PDE.

The values of the function have a rank which gives the number of indices, and a shape defining the range of each
index. The rank in esys.escript is limited to the range 0 through 4 and it is assumed that the rank and shape
is the same for all data sample points. The shape of a Data object is a tuple (list) s of integers. The length of s
is the rank of the Data object and the i-th index ranges between 0 and s/i] — 1. For instance, a stress field has
rank 2 and shape (d, d) where d is the spatial dimension. The following statement creates the Data object mydat
representing a continuous function with values of shape (2, 3) and rank 2:

mydat=Data (value=1, what=ContinuousFunction (myDomain), shape=(2, 3))

The initial value is the constant 1 for all data sample points and all components.

Data objects can also be created from any numpy array or any object, such as a list of floating point numbers, that
can be converted into a numpy . ndarray [6]. The following two statements create objects which are equivalent
to mydat:

mydatl=Data (value=numpy.ones ((2,3)),what=ContinuousFunction (myDomain))
mydat2=Data (value=[[1,1],[1,1],[1,1]],what=ContinuousFunction (myDomain))
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In the first case the initial value is numpy.ones((2,3)) which generates a 2 x 3 matrix as a numpy .ndarray
filled with ones. The shape of the created Dat a object it taken from the shape of the array. In the second case, the
creator converts the initial value, which is a list of lists, and converts it into a numpy . ndarray before creating
the actual Data object.

For convenience esys .escript provides creators for the most common types of Dat a objects in the following
forms (d defines the spatial dimension):

e Scalar(0,Function(mydomain)) is the same as Data(0, Function(myDomain),(,)) (each value is a scalar), e.g
a temperature field.

o Vector(0,Function(mydomain)) is the same as Data(0, Function(myDomain),(d)) (each value is a vector), e.g
a velocity field.

o Tensor(0,Function(mydomain)) is the same as Data(0, Function(myDomain),(d,d)), eg. a stress field.

o Tensor4(0,Function(mydomain)) is the same as Data(0, Function(myDomain),(d,d,d,d)) eg. a Hook tensor
field.

Here the initial value is 0 but any object that can be converted into a numpy .ndarray and whose shape is
consistent with shape of the Data object to be created can be used as the initial value.

Data objects can be manipulated by applying unary operations (eg. cos, sin, log) point and can be combined
point-wise by applying arithmetic operations (eg. +, - ,* , /). It is to be emphasized that esys.escript
itself does not handle any spatial dependencies as it does not know how values are interpreted by the processing
PDE solver library. However esys .escript invokes interpolation if this is needed during data manipulations.
Typically, this occurs in binary operation when both arguments belong to different function spaces or when data
are handed over to a PDE solver library which requires functions to be represented in a particular way.

The following example shows the usage of Data objects: Assume we have a displacement field « and we want to
calculate the corresponding stress field o using the linear—elastic isotropic material model

0ij = Aug k0ij + p(uij + ujq) (3.1)

where d;; is the Kronecker symbol and A and p are the Lame coefficients. The following function takes the
displacement u and the Lame coefficients lam and mu as arguments and returns the corresponding stress:

from esys.escript import =

def getStress(u,lam,mu):
d=u.getDomain () .getDim()
g=grad (u)
stress=lam*xtrace (g) rkronecker (d) +mux (gttranspose (g))
return stress

The variable d gives the spatial dimension of the domain on which the displacements are defined. kronecker returns
the Kronecker symbol with indexes 7 and j running from 0 to d-1. The call grad(u) requires the displacement field
u to be in the Solution or continuous FunctionSpace function space. The result g as well as the returned stress
will be in the general FunctionSpace function space. If, for example, u is the solution of a PDE then getStress
might be called in the following way:

s=getStress(u,1l.,2.)

However getStress can also be called with Data objects as values for lam and mu which, for instance in the case
of a temperature dependency, are calculated by an expression. The following call is equivalent to the previous
example:

lam=Scalar (l.,ContinuousFunction (mydomain))
mu=Scalar (2.,Function (mydomain))
s=getStress (u, lam, mu)

The function lam belongs to the continuous FunctionSpace function space but with g the function trace(g)
is in the general FunctionSpace function space. In the evaluation of the product lam*trace(g) we have
different function spaces (on the nodes versus in the centers) and at first glance we have incompatible data.
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FIGURE 3.2: Element Tagging. A rectangular mesh over a region with two rock types white and gray. The number in each
cell refers to the major rock type present in the cell (1 for white and 2 for gray).

esys.escript converts the arguments in an appropriate function space according to Table 3.1. In this ex-
ample that means esys.escript sees lam as a function of the general FunctionSpace function space. In
the context of FEM this means the nodal values of lam are interpolated to the element centers. The interpolation
is automatic and requires no special handling.

Material parameters such as the Lame coefficients are typically dependent on rock types present in the area of
interest. A common technique to handle these kinds of material parameters is ’tagging”, which uses storage
efficiently. Figure 3.2 shows an example. In this case two rock types white and gray can be found in the domain.
The domain is subdivided into triangular shaped cells. Each cell has a tag indicating the rock type predominately
found in this cell. Here 1 is used to indicate rock type white and 2 for rock type gray. The tags are assigned at the
time when the cells are generated and stored in the Domain class object. To allow easier usage of tags, names
can be used instead of numbers. These names are typically defined at the time when the geometry is generated.

The following statements show how, for the example of Figure 3.2, the stress calculation discussed above and
tagged values are used for lam:

lam=Scalar (value=2.,what=Function (mydomain))
insertTaggedvValue (lam, white=30.,gray=5000.)
s=getStress (u, lam,2.)

In this example lam is set to 30 for those cells with tag white (=1) and to 5000. for those cells with tag gray (=2_.
The initial value 2 of lam is used as a default value for the case when a tag is encountered which has not been linked
with a value. The gerStress method does not need to be changed now that we are using tags. esys.escript
resolves the tags when lam*trace(g) is calculated.

This brings us to a very important point about esys.escript. You can develop a simulation with constant
Lame coefficients, and then later switch to tagged Lame coefficients without otherwise changing your python
script. In short, you can use the same script to model with different domains and different types of input data.

There are three main ways in which Dat a objects are represented internally: constant, tagged, and expanded. In
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the constant case, the same value is used at each sample point and only a single value is stored to save memory.
In the expanded case, each sample point has an individual value (such as for the solution of a PDE). This is where
your largest data sets will be created because the values are stored as a complete array. The tagged case has already
been discussed above.

Expanded data is created when you create a Dat a object with expanded=True. Tagged data sets are created when
you use the insertTaggedValue() method as shown above.

Values are accessed through a sample reference number. Operations on expanded Data objects have to be per-
formed for each sample point individually. When tagged values are used, the values are held in a dictionary.
Operations on tagged data require processing the set of tagged values only, rather than processing the value for
each individual sample point. esys.escript allows any mixture of constant, tagged and expanded data in a
single expression.

Data objects can be written to disk files and read with dump and load, both of which use netCDF [16]. Use these
to save data for visualization, checkpoint/restart or simply to save and reuse data that was expensive to compute.

For instance to save the coordinates of the data points of the continuous FunctionSpace to the file x . nc use

x=ContinuousFunction (mydomain) .getX ()
x.dump ("x.nc™)
mydomain.dump ( ‘dom.nc ‘)

To recover the object x and mydomain was a esys . finley mesh use

from esys.finley import LoadMesh
mydomain=LoadMesh (' dom.nc”’)
x=load ("x.nc", mydomain)

It possible to rerun the mechanism that was originally used to generates mydomain to recreate mydomain. How-
ever in most cases using dump and load is faster in particular if optimization has been applied. In case that
esys.escript is running on more than one MPI processor the dump will create an individual file for each
processor containing the local data. In order to avoid conflicts the file name is extended by the MPI processor
rank.

The function space of the Data is stored in x . nc, though. If the Data object is expanded, the number of data
points in the file and of the Domain for the particular Funct ionSpace must match. Moreover, the ordering
of the values is checked using the reference identifiers provided by FunctionSpace on the Domain. In some
cases, data points will be re-ordered. Take care to be sure you get what you want!

3.1 esys.escript Classes

3.1.1 Domain class

class Domain ()
A Domain object is used to describe a geometric region together with a way of representing functions
over this region. The Domain class provides an abstract interface to the domain of Funct ionSpace and
Data objects. Domain needs to be subclassed in order to provide a complete implementation.

The following methods are available:
getDim ()
returns the spatial dimension of the Domain.

dump (filename)
dumps the Domain into the file filename.

getX ()
returns the locations in the Domain. The FunctionSpace of the returned Data object is chosen by the
Domain implementation. Typically it will be in the general FunctionSpace.

setX (newX)
assigns a new location to the Domain. newX has to have shape (d, ) where d is the spatial dimension of
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the domain. Typically newX must be in the continuous FunctionSpace but the space actually to be used
depends on the Domain implementation.

getNormal ()
returns the surface normals on the boundary of the Domain as Data object.

getSize ()
returns the local sample size, e.g. the element diameter, as Data object.

setTagMap (fag_name, tag)
defines a mapping of the tag name tag_name to the tag.

getTag (tag_name)
returns the tag associated with the tag name tag_name.

isValidTagName (fag_name)
return True if tag_name is a valid tag name.

__eq__ (arg)
(python == operator) returns True if the Domain arg describes the same domain. Otherwise False is
returned.

__ne__ (arg)
(python != operator) returns True if the Domain arg does not describe the same domain. Otherwise
False is returned.

__str__ (arg)
(python str() function) returns string representation of the Domain.

onMasterProcessor) ()
returns True if the processor is the master processor within the MPI processor group used by the Domain.
This is the processor with rank 0. If MPI support is not enabled the return value is always True.

getMPISize ()
returns the number of MPI processors used for this Domain. If MPI support is not enabled 1 is returned.

getMPIRank ()
returns the rank of the processor executing the statement within the MPI processor group used by the
Domain. If MPI support is not enabled O is returned.

MPIBarrier ()
executes barrier synchronization within the MPI processor group used by the Domain. If MPI support is
not enabled, this command does nothing.

3.1.2 FunctionSpace class

class FunctionSpace ()
FunctionSpace objects are used to define properties of Data objects, such as continuity.
FunctionSpace objects are instantiated by generator functions. A Data object in a particular
FunctionSpace is represented by its values at data sample points which are defined by the type and
the Domain of the FunctionSpace.

The following methods are available:
getDim ()
returns the spatial dimension of the Domain of the FunctionSpace.

getX ()
returns the location of the data sample points.

getNormal ()
If the domain of functions in the FunctionSpace is a hyper-manifold (e.g. the boundary of a domain)
the method returns the outer normal at each of the data sample points. Otherwise an exception is raised.

getSize ()
returns a Data objects measuring the spacing of the data sample points. The size may be zero.
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getDomain ()
returns the Domain of the FunctionSpace.

setTags (new_tag, mask)
assigns a new tag new_tag to all data sample where mask is positive for a least one data point. mask must
be defined on the this FunctionSpace. Use the setTagMap to assign a tag name to new_tag.

__eq__(arg)
(python == operator) returns True if the Domain arg describes the same domain. Otherwise False is
returned.

__ne__ (arg)
(python != operator) returns True if the Domain arg do not describe the same domain. Otherwise False
is returned.

__str__(g)
(python str() function) returns string representation of the Domain.

The following function provide generators for FunctionSpace objects:

Function (domain)
returns the general FunctionSpace on the Domain domain. Data objects in this type of general
FunctionSpace are defined over the whole geometric region defined by domain.

ContinuousFunction (domain)
returns the continuous FunctionSpace on the Domain domain. Data objects in this type of general
FunctionSpace are defined over the whole geometric region defined by domain and assumed to repre-
sent a continuous function.

FunctionOnBoundary (domain)
returns the continuous FunctionSpace on the Domain domain. Data objects in this type of general
FunctionSpace are defined on the boundary of the geometric region defined by domain.

FunctionOnContactZero (domain)
returns the contact FunctionSpace on side 0 the Domain domain. Data objects in this type of general
FunctionSpace are defined on side 0 of a discontinuity within the geometric region defined by domain.
The discontinuity is defined when domain is instantiated.

FunctionOnContactOne (domain)
returns the contact FunctionSpace on side 1 on the Domain domain. Data objects in this type of
general FunctionSpace are defined on side 1 of a discontinuity within the geometric region defined by
domain. The discontinuity is defined when domain is instantiated.

Solution (domain)
returns the solution FunctionSpace on the Domain domain. Data objects in this type of general
FunctionSpace are defined on geometric region defined by domain and are solutions of partial differ-
ential equations .

ReducedSolution (domain)
returns the reduced solution FunctionSpace on the Domain domain. Data objects in this type of
general FunctionSpace are defined on geometric region defined by domain and are solutions of partial
differential equations with a reduced smoothness for the solution approximation.

3.1.3 Data Class

The following table shows arithmetic operations that can be performed point-wise on Dat a objects.
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expression | Description

+arg0 identical to arg

-arg0 negation

argO+argl | adds arg0 and argl

argO*argl multiplies arg0 and argl
arg0-argl difference argl fromargl
argOlargl divide arg0 by argl
arg0**argl | raises arg0 to the power of argl

At least one of the arguments arg0 or argl must be a Dat a object. Either of the arguments may be a Dat a object,
a python number or a numpy object.

If arg0 or argl are not defined on the same FunctionSpace, then an attempt is made to convert arg0 to the
FunctionSpace of argl or to convert argl to the FunctionSpace of arg0. Both arguments must have the
same shape or one of the arguments may be of rank O (a constant).

The returned Dat a object has the same shape and is defined on the data sample points as arg0 or argl.

The following table shows the update operations that can be applied to Dat a objects:

expression Description

argO+=arg2 | adds argO to arg2
arg0*=arg2 | multiplies arg0 with arg2
arg0-=arg2 subtracts arg2 fromarg2
arg0/=arg?2 divides arg0 by arg2
arg0**=arg2 | raises arg0 by arg2

arg0 must be a Data object. argl must be a Data object or an object that can be converted into a Data object.
argl must have the same shape as arg0 or have rank 0. In the latter case it is assumed that the values of argl are
constant for all components. arg/ must be defined in the same FunctionSpace as arg0 or it must be possible
to interpolate arg/ onto the FunctionSpace of arg0.

The Data class supports taking slices from a Dat a object as well as assigning new values to a slice of an existing
Data object. The following expressions for taking and setting slices are valid:

rank of arg | slicing expression shape of returned and assigned object
0 no slicing -

1 arg[l0:u0] (u0-10,)

2 arg[l0:u0,l1:ul] (u0-10,ul-11)

3 arg[l0:u0,l1:ul,l2:u2] (u0-10,ul-11,u2-12)

4 arg[l0:u0,l1:ul,12:u2,13:u3] (u0-10,ul-11,u2-12,u3-13)

where s is the shape of arg and
0<10<u0<s/[0],

0<l<ul <s[l],
0<2<u2<s/[2],
0<I3<u3 <s/[3].

Any of the lower indexes [0, [1, I2 and [3 may not be present in which case 0 is assumed. Any of the upper indexes
u0, ul, u2 and u3 may be omitted, in which case, the upper limit for that dimension is assumed. The lower and
upper index may be identical, in which case the column and the lower or upper index may be dropped. In the
returned or in the object assigned to a slice, the corresponding component is dropped, i.e. the rank is reduced by
one in comparison to arg. The following examples show slicing in action:

t=Data(l., (4,4,6,6),Function (mydomain))
t[1,1,1,0]=9.

s=t[:2,:,2:6,5] # s has rank 3
sl:,:,1]1=1.

t[:2,:2,5,5]=s[2:4,1, :2]
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3.1.4 Generation of Data objects

class Data (value=0,shape=(,),what=FunctionSpace(),expand=False)
creates a Data object with shape shape in the FunctionSpace what. The values at all data sample
points are set to the double value value. If expanded is True the Data object is represented in expanded
from.

class Data (value,what=FunctionSpace(),expand=False)
creates a Data object in the Funct ionSpace what. The value for each data sample points is set to value,
which could be a numpy, Data object value or a dictionary of numpy or floating point numbers. In the
latter case the keys must be integers and are used as tags. The shape of the returned object is equal to the
shape of value. If expanded is True the Data object is represented in expanded form.

class Data ()
creates an empty Data object. The empty Data object is used to indicate that an argument is not present
where a Data object is required.

Scalar (value=0.,what=FunctionSpace(),expand=False)
returns a Data object of rank O (a constant) in the FunctionSpace what. Values are initialized with
value, a double precision quantity. If expanded is True the Data object is represented in expanded from.

Vector (value=0.,what=FunctionSpace(),expand=False)
returns a Data object of shape (d,) in the Funct ionSpace what, where d is the spatial dimension of the
Domain of what. Values are initialed with value, a double precision quantity. If expanded is True the
Data object is represented in expanded from.

Tensor (value=0.,what=FunctionSpace(),expand=False)
returns a Data object of shape (d,d) in the Funct ionSpace what, where d is the spatial dimension of
the Domain of what. Values are initialed with value, a double precision quantity. If expanded is True the
Data object is represented in expanded from.

Tensor3 (value=0.,what=FunctionSpace(),expand=False)
returns a Data object of shape (d,d,d) in the Funct ionSpace what, where d is the spatial dimension of
the Domain of what. Values are initialed with value, a double precision quantity. If expanded is True the
Data object is reargpresented in expanded from.

Tensor4 (value=0.,what=FunctionSpace(),expand=False)
returns a Data object of shape (d,d,d,d) in the Funct ionSpace what, where d is the spatial dimension
of the Domain of what. Values are initialized with value, a double precision quantity. If expanded is True
the Data object is represented in expanded from.

load (filename,domain)
recovers a Data object on Domain domain from the file filename, which was created by dump.

3.1.5 Data methods

These are the most frequently-used methods of the Data class. A complete list of methods can be found on
http://esys.esscc.uqg.edu.au/docs.html.
getFunctionSpace ()

returns the Funct ionSpace of the object.

getDomain ()
returns the Domain of the object.

getShape ()
returns the shape of the object as a tuple of integers.

getRank ()
returns the rank of the data on each data point.

isEmpty ()
returns True id the Data object is the empty Data object. Otherwise False is returned. Note that this is
not the same as asking if the object contains no data sample points.

3.1. esys.escript Classes 39



setTaggedValue (tag_name,value)
assigns the value to all data sample points which have the tag assigned to rag_name. value must be an
object of class numpy .ndarray or must be convertible into a numpy .ndarray object. value (or the
corresponding numpy . ndarray object) must be of rank 0 or must have the same rank like the object. If
a value has already be defined for tag rag_name within the object it is overwritten by the new value. If the
object is expanded, the value assigned to data sample points with tag tag_name is replaced by value. If no
tag is assigned tag name fag_name, no value is set.

dump (filename)
dumps the Data object to the file filename. The file stores the function space but not the Domain. It is in
the responsibility of the user to save the Domain.

__str__ ()
returns a string representation of the object.

3.1.6 Functions of Data objects

This section lists the most important functions for Data class objects a. A complete list and a more detailed
description of the functionality can be found on http://esys.esscc.uqg.edu.au/docs.html.
saveVTK (filename, **kwdata)
writes Data defined by keywords in the file with filename using the vtk file format VTK file format. The
key word is used as an identifier. The statement

saveVTK ("out .xml", temperature=T, velocity=v)
will write the scalar T as temperature and the vector v as velocity into the file ‘out.xml’. Restrictions on the
allowed combinations of FunctionSpace apply.

saveDX (filename, **kwdata)
writes Data defined by keywords in the file with filename using the vtk file format OpenDX [17] file format.
The key word is used as an identifier. The statement

saveDX ("out .dx",temperature=T,velocity=v)
will write the scalar T as temperature and the vector v as velocity into the file ‘out.dx’. Restrictions on the
allowed combinations of FunctionSpace apply.

kronecker (d)
returns a rank-2 Data object Data object in FunctionSpace d such that

. 1 ifi=j
kronecker (d) [i,j] = { 0 otherwige (3.2)
If d is an integer a (d, d) numpy array is returned.
identityTensor (d)
is a synonym for kronecker (see above).
identityTensor4 (d)
returns a rank-4 Data object Data object in Funct ionSpace d such that
.. 1 ifi=kandj=1
identityTensor (d) [i,J,k, ] = { 0 e otheravrvlisg (3.3)
If d is an integer a (d, d, d, d) numpy array is returned.
unitVector (i,d)
returns a rank-1 Data object Data object in FunctionSpace d such that
. . . 1 ifj=1
identityTensor (d) [j] = { 0 othgrwise (3.4)

If d is an integer a (d, ) numpy array is returned.
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Lsup (a)
returns the L*“? norm of arg. This is the maximum of the absolute values over all components and all data
sample points of a.

sup (a)
returns the maximum value over all components and all data sample points of a.

inf (a)
returns the minimum value over all components and all data sample points of a

minval (a)
returns at each data sample points the minimum value over all components.

maxval (a)
returns at each data sample points the maximum value over all components.

length (a)
returns at Euclidean norm at each data sample points. For a rank-4 Data object a this is

length(a) = [ ali,j k1] (3.5)
ijkl

trace ( a[,axisfoﬁ‘set=0] )
returns the trace of a. This is the sum over components axis_offset and axis_offset+1 with the same index.
For instance in the case of a rank-2 Data object function and this is

trace(a) = Za [i, 1] (3.6)
and for a rank-4 Dat a object function and axis_offset=1 thisis

trace(a, 1) [i,j] = Za [i,k, k, j] 3.7
k

transpose (a[, axisfoﬁ‘setzNone])
returns the transpose of a. This swaps the first axis_offset components of a with the rest. If axis_offset is not
present int (r/2) is used where r is the rank of a. the sum over components axis_offset and axis_offset+1
with the same index. For instance in the case of a rank-2 Dat a object function and this is

transpose (a) [i,j] = alj, 1] (3.8)
and for a rank-4 Dat a object function and axis_offset=1 thisis
transpose (a, 1) [i,4,k,1] =alj, k,1,1] (3.9)

swap_axes (a[, axis0=0 [ axisl=1 ]])
returns a but with swapped components axisO and axis!/. The argument a must be at least of rank-2 Data
object. For instance in the for a rank-4 Data object argument, axis0=1 and axis1=2 this is

swap_axes (a,1,2) [i,j,k, 1] =alik,j,1] (3.10)

symmetric (a)
returns the symmetric part of a. This is (a+transpose (a)) /2.

nonsymmetric (a)
returns the non—symmetric part of a. Thisis (a—transpose (a)) /2.

inverse (a)
return the inverse of a. This is

matrix_mult (inverse(a), a)=kronecker (d) (3.11)

if a has shape (d, d) . The current implementation i